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Real World Mathematics 1 

Multiplication : Part 1 2 

iz Sloper was busy in her classroom preparing some student’s work for 3 

displaying on the wall when Verity arrived. She had been delayed by the 4 

traffic and was ready for a coffee! Verity enjoyed days like this for Liz 5 

always had something interesting and provoking in her room. Today would be no 6 

exception. The two of them got down to the matter in hand, teaching 7 

Multiplication with understanding, not by rote1, to Elementary School students. 8 

                                                             
1 The Oxford English Dictionary defines ‘by rote’ as “in a mechanical manner, by routine; especially by the mere exercise of 
memory without proper understanding of, or reflection upon, the matter in question… 

L 
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 9 

“I was just getting this work of Zach’s ready to display,” said Liz. “I heard the 10 

traffic was bad so I thought you may be a minute or two late. As I got some of our 11 

‘multiplication’ activities out for you to see, I realized that I had not displayed 12 

Zach’s work, and I did promise him. Its all part of our multiplication experience. 13 

Have a look at what he has done.” 14 

 15 

Verity read Zach’s paper: We played the [multiplication] game. I lost 2 times. That 16 

made me think there was some trick on the dice. Mrs. Sloper’s dice had 2, 5, 4, 17 

3, 3, and 3. My dice had 3, 5, 4, 4, 2, and 2. There are only two 9’s on the board. 18 

When Mrs. Sloper rolled her dice she got a lot of 3’s so Mrs. Sloper scored 9 a 19 

lot. Because Mrs. Sloper got that she shot round the track. It was hard for me to 20 

get 9 because there was only one 3 on each dice. So I used Mrs. Sloper’s dice 21 

and won the game. I had to tell the class what I found and they found that out as 22 

well. 23 

    24 

“Zach, and his friends, had played the Multiplication Test Track2 game and got a 25 

big surprise,” explained Liz, “This is it. I will show you and we can play. Have 26 

these dice. To play it each player throws two dice in turn and finds the product3 of 27 

the numbers indicated. The problem for Zach was that both players had different 28 

dice. Look at the dice I have and the ones I gave you. That is what he was saying 29 

in his paper. He suspected there was a trick. That was not because he lost twice 30 

but rather the way he lost. You see with ‘my’ dice there is a high chance of 31 

getting 3 and 3 giving me a product of 9. If you look at the board, you will see 32 

                                                             
2 TEST TRACK © John Marshall 1992/2010/2014 See also Data Handling Essay. 
3 Product: The number obtained by combining two numbers by multiplication. 
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there are only two 9’s on it so there is quite a chance of me going round very 33 

quickly. That is what made Zach suspicious! Shall we play?” 34 

 35 

The two friends rolled their dice, multiplied the two numbers they got and moved 36 

to that product ahead of them on the track. True to form, Liz kept winning, 37 

although as with any probability 38 

activity, they were aware that the 39 

unexpected might happen. 40 

 41 

“This is really probability isn’t it?” 42 

remarked Verity. “I suspect Zach had 43 

some probability experiences before 44 

that.” 45 

 46 

“Its multiplication and probability4 – 47 

integrated math. Remember, in our 48 

program we offer children a broad 49 

course in mathematics, for that is 50 

what an understanding curriculum 51 

does.” said Liz. “It is not narrow and 52 

rote but broad, reality based, and 53 

linked to the learning process! In that 54 

way, connections are made. In that way, concepts are secure. In that way the 55 

brain is happy, OK? The major point here being that the human brain 56 

                                                             
4 “Teachers should address the beginnings of probability through informal activities with spinners or number cubes that 
reinforce conceptions in other Standards, primarily number. For example, as students repeatedly toss two dice or number 



Educating Verity: Some Essays in Teaching Elementary Mathematics 
Verity Keane Makes the Grade in Multiplication.                                                                              Part 1  

Page 4 
© John Marshall  2000/2017 

14 Jonathan Road, Stoke-on-Trent, Staffordshire. ST4 8LP. England 
 Email: john@johnmarshall.me SKYPE JJM0603  

Thursday, 16 February 17 

functions best when it ‘understands and it understands when it makes 57 

connections.’ Our children will have played lots of dice, spinner and card games 58 

before they get to this stage. In our early number games5, they would use cubes 59 

with a 4, for example, written on three faces and then play with that to generate 60 

the move. Other times they would play the same game using a ‘4’ on four faces 61 

or even two faces and get the feel for how the game ‘behaved’. In this way, they 62 

come to ‘feel’ that some dice are generally quick and others generally slow. 63 

Research by Falk, Falk and Leven6 (1980) found that ‘at about the age of 6 64 

children can begin to select the greater of two probabilities systematically’. Zach 65 

had that feel, but then he was quite experienced. However, ‘the seeds of 66 

probability have to be sown early and given time to mature’7. He also did a 67 

lot of multiplying! 72 products 68 

in all to find out the outcomes 69 

of both sets of dice, and 70 

that’s not counting when he 71 

actually played the game.”  72 

 73 

“Wow! That is a lot, but it is 74 

not the start of multiplication in your program is it? Zach is further on than the 75 

children we will see today, isn’t he?” said an anxious Verity. “Can we start at the 76 

beginning?” 77 

 78 

 79 

                                                                                                                                                                                      
cubes and add the results of each toss, they may begin to keep track of the results.” Principles and Standards for School 
Mathematics: National Council of Teachers of Mathematics. 2000 page 114 
5 See The Four Candles game (pad of 50 sheets) in illustration. Note also spinner option.  
6 Falk, R., Falk, R., and Leven, I. ‘A potential for learning probability in young children’, Educational Study in Mathematics, 11, 184-
204. 1980 
7 Minnesota K-12 Mathematics Framework:  Randomness and Uncertainty. Page 6. John Marshall. 
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Verity Keane had straight “A’s” throughout her degree 81 

course but this assignment had her worried for 83 

multiplication was ‘the big one’ as far as many are 85 

concerned. The methods class at her university has to 87 

complete an assignment on the topic. Her professor will 89 

want the class to research many sources and see how 91 

they matched up with current guidelines, offering 93 

examples and counter examples along the way. Verity 95 

would use the NCTM Standards8, other Standards and 97 

Reports including International ones for multiplication has to travel, her lecture 98 

notes, the internet, the textbook recommended for the class and one or two other 99 

books from the library that were listed in the references in the class text. Her 100 

friend Liz Sloper would be a great help too. 101 

 102 

There were some very powerful statements about Number Sense in the National 103 

Standards. These guidelines were arguing for change, yet much of what Verity 104 

had seen and read in current textbooks looked very familiar to her9. Even the 105 

Standard’s 2000 tables chart10 looks much the same as she had experienced in 106 

her day at Elementary School. 107 

 108 

“In Standards 2000 we are advised to model ‘multiplication problems with 109 

pictures, diagrams, or concrete materials11 … so that students learn to be clear 110 

about what each number in the problem represents,’” explained Verity, adding 111 

                                                             
8 Principles and Standards for School Mathematics: National Council of Teachers of Mathematics. 2000. 
                                                                                          
10 Ibid Page 142 
11 Principles and Standards for School Mathematics: 2000 NCTM. Page 151 
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“So why doesn’t the accompanying picture show that I wonder? Talk about a 112 

picture painting a thousand words! Or perhaps I should say the lack of one!” 113 

 114 

 “Well, that is what you have come to find out,” replied Liz. “Why don’t we talk 115 

again after the lesson?” 116 

 117 

As the children entered their classroom, they could see Mrs. Sloper 118 

had some colorful boxes on her table. She collected empty 119 

shoeboxes for occasions like this, frequently covering them in 120 

attractive wrapping paper. As always, she prepared the contents 121 

with a great deal of thought so that she, as teacher, knew what 122 

each one should achieve. After the normal greetings and 123 

preliminaries, the lesson got under way. 124 

 125 
Mrs. Sloper took one of the boxes and gave it a gentle shake. That 126 

always caught the children’s interest. Often the children tried to 127 

guess what was inside. Sam said he thought they were heavy 128 

things, because Mrs. Sloper had asked him to hold the box. He was 129 

then invited to take the contents out of the box. 130 

 131 

“We’ve got some toy cars today,” said Sam.  132 

 133 

In fact, there were six cars, and the children wanted to touch. That 134 

was quite normal, for mathematics with Mrs. Sloper was a ‘touching’ 135 

activity. The children were at the concrete operational stage of 136 

their development and Mrs. Sloper knew that they needed 137 

plenty of “things” to handle in order to help them move to the 138 
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abstract aspect of mathematics. That was some way off for the 139 

children were young. Now, and in the immediate future, it was 140 

“things.” 141 

 142 

It was natural for the children to want to sort their cars. The only 143 

problem was that Mrs. Sloper had to control their eagerness. 144 

However, the children knew that they would all get involved for Mrs. 145 

Sloper was like that. 146 

 147 

Colleen, with Tracy’s help as it turned out, sorted the cars and 148 

declared there were two sets. 149 

 150 

“We have made a set of sports cars and a set of ordinary cars,” 151 

they said together. Two sets each with three cars. However, Sam 152 

noticed that he could make a set of blue cars, a set of red cars and 153 

a set of yellow cars as well. And he said so! He re-sorted the cars12. 154 

                                                             
12 The cars could also have been sorted to show 6 sets of 1 or indeed, 1 set of 6. 
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 155 

“Well done, Sam,” said Mrs. Sloper. “So with our cars we have 156 

sorted them in two different ways. Can anyone tell me how the 157 

sortings are different?” 158 

 159 

“Now we have three sets, each with two cars in them,” declared 160 

Josh. “Before we had two sets with three cars in them.” 161 

 162 

“Have we more cars now?” inquired Mrs. Sloper. 163 

 164 

“No, we always have six. They were different arrangements 165 

though.” 166 

 167 

The children kept moving the cars back and forth into the two 168 

variations. Two sets of three and then three sets of two. 169 

 170 

“We need to make a label for our sets now,” said Mrs. Sloper as 171 

she took a felt marker and a piece of paper. “You said, in this case, 172 

we had three sets with two in each set. That is, we have three sets 173 

of two - and a total of six. I am going to write that down like this. 174 

Then using some shorthand – to 175 

save me writing ‘sets of’ each time - 176 

I am going to write…” 177 

 178 

Liz wrote 3(2)=6 slowly, saying 179 

‘three sets of two equals six’ as she 180 

did so. “Let us read it together.” 181 

2+2+2=6 
 

3 sets of 2 = 6 
 

3(2)=6 
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 182 

“Three sets of two equal six,” the children read in unison, which 183 

they repeated as Mrs. Sloper touched each part of 3(2)=6 on the 184 

label. 185 

 186 

“The brackets, these things, show a short way of writing ‘sets of’,” 187 

said Mrs. Sloper taking extra care to make sure the children knew 188 

what brackets were, and how they should be written in the number 189 

sentences.  190 

 191 

“Just like 3 is a short way of writing t-h-r-e-e,” said Sam ‘drawing’ 192 

the numeral three in the air. 193 

 194 

“I hadn’t thought of it that way, Sam. I guess you are right,” replied 195 

Mrs. Sloper. 196 

 197 

“Do we need a label for the 198 

other way we sorted the 199 

cards?” inquired Josh. “This 200 

one won’t fit.” 201 

 202 

“We do, don’t we. Let me move this label and perhaps you, Josh, 203 

can sort the cars again. Good. That’s fine. What have we now?” 204 

 205 

3+3=6 
 

2 sets of 3 = 6 
 

2(3)=6 
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They all agreed that now they had two sets each with three cars. 206 

Mrs. Sloper prepared the new label, with a little help from her 207 

friends! 208 

 209 

Again, the children read the notation. They were clearly quite 210 

pleased with themselves with their new “sets of” expression. Mrs. 211 

Sloper decided to have them look at the labels again. There was 212 

something she wanted the children to notice about the way the 213 

mathematics had been recorded. 214 

 215 

“Have a look at the two labels we have made,” said Mrs. Sloper. 216 

“Colleen, will you read this one, please?” 217 

 218 

Colleen confidently read “two sets of three equal six” then Josh 219 

read, “three sets of two equal six,” touching the other label. 220 

 221 

“We are always using the same numbers,” remarked Tracy. “We 222 

always have a 2, a 3 and a 6.” 223 

 224 

“Ah! But what do the numbers represent? That is always important 225 

to us in mathematics, isn’t it?” said Mrs. Sloper making a vital point. 226 

“Where do the numbers come from? We need to know that.” 227 

 228 

Verity at once thought of something she had read: ‘When mathematical ideas are 229 

connected to everyday experiences, both in and out of school, children become 230 
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aware of the usefulness of mathematics.13’ Liz’s school guidelines took up the 231 

theme where it required the children to: ‘Understand and use the operations of 232 

addition, subtraction, multiplication, and division using the language of 233 

mathematics appropriately for the situation in question.’ Not only that it said, 234 

an understanding math curriculum needs situations as a stepping stone to 235 

abstract mathematical thought. It was all happening in Mrs. Sloper’s class. 236 

Students were learning to be “clear/precise about what each number in the 237 

problem represents14.” However, why didn’t Mrs. Sloper use the ‘x’ sign? Verity 238 

was dying to interrupt but decide to keep her question until later. The ( ) notation 239 

reminded her of her, not always happy, High School algebra class with it’s 240 

a(b+c)=ab+ac type of thing15. However, the children had no problem. They loved 241 

it, as always. 242 

 243 

“It depends,” said a thoughtful Sam. “We always have six cars so 244 

that is where the six comes from.” 245 

 246 

“It then depends how you sort them,” said Colleen. “Sometimes the 247 

two tells us how many sets and the other time it tells us how many 248 

cars in each set.” 249 

 250 

“This way the first number tells us how many sets there are and the 251 

second number tells us how many in each set. The last number is 252 

the total,” said Josh 253 

                                                             
13 Curriculum and Evaluation Standards for School Mathematics. NCTM 1989 page 32  
14 Principles and Standards for School Mathematics: 2000 NCTM. Page 151 “Mathematically proficient students try to 
communicate precisely to others. They try to use clear definitions in discussion with others and in 
their own reasoning. They state the meaning of the symbols they choose, …..” Common Core State Standards   
15 Experiencing the distributive law will come later when the children use what they know to create what they don’t know. 
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 254 

“I think you should all remember 255 

that,” advised Mrs. Sloper. She then 256 

asked the children which sorting 257 

they should put on display. The 258 

popular choice was the one that 259 

sorted by type of car. That is, two 260 

sets of three. Sam said he could 261 

bring some of his colored cars from 262 

home to make ‘3 sets of 2’. Liz 263 

smiled because her children were always bringing mathematics to 264 

school. Their homes must be full of it, she thought! Mrs. Sloper was 265 

forever trying to look at reality and abstract the number sentences 266 

but she also looked at an abstract number sentence and had the 267 

children model it with reality. Another sorting box16 was introduced 268 

and a similar discussion took place. This one used solid shapes and 269 

reminded the children of their introduction to geometry. 270 

 271 

Mrs. Sloper had the 272 

children look around their 273 

classroom because 274 

‘understanding in 275 

mathematics implies an ability to recognize and make use of a 276 

mathematical concept in a variety of settings, including some which 277 

                                                             
16 Mrs. Sloper had a variety of sorting boxes she could call on. 

3(4)=3(4)=  
Where can you find...? 
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are not immediately familiar’17 so what better place to start! To help 278 

she had some labels pre-prepared to give to the children. She 279 

explained that each label had a number sentence on it and they had 280 

to find where in their classroom they could see the number 281 

sentence. It would be just like the things they had in their sorting 282 

box; only it would be their choice. “Colleen, will you have a look at 283 

this label I have here and read it to the class.” 284 

 285 

Colleen read aloud, “It says 286 

‘three sets of four equals’”, 287 

and showed it to the class 288 

 289 

Mrs. Sloper checked that 290 

everyone agreed and then 291 

she invited Colleen to find 292 

somewhere in the room where she could ‘see’ 3(4)=. Colleen went 293 

over to Mrs. Sloper’s desk and found some colorful bows which she 294 

made into ‘three sets of four.’ 295 

 297 

“I have made these bows into three 299 

sets of four and there are twelve 301 

altogether,” said Colleen. 303 

 305 

“That’s lovely,” said Liz as she got 307 

others involved. 309 

                                                             
17 Mathematics Counts. HMSO. London. 1982 page 68 
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 310 

“Mandy, will you take this label, and just for fun, don’t show it to 311 

anyone. Your puzzle is to find something to match the number 312 

sentence and then come back and tell us all about it.” 313 

 314 

The children were quite intrigued. Mandy came back with a handful 315 

of plastic spoons. Still the children did not know what the number 316 

sentence would be. Then Mandy sorted her spoons into four sets of 317 

three. Mrs. Sloper stopped Mandy from displaying her label and 318 

asked the others what number sentence they thought would be on 319 

it. Sam could not keep quiet.  320 

 321 

“That’s four sets of three but Colleen had three sets of four,” he 322 

said. “Colleen had twelve bows and Mandy has twelve spoons.” 323 

 324 

Mrs. Sloper made sure every one had a turn with a label, even 325 

Verity! Often Liz would join in too especially if she wanted to 326 

provoke the children as she did with her claim that the rack of 327 

crayons showed 3(5), 15 in all. Once again, 328 

mathematics was everywhere. The ‘sets of’ 329 

display was looking impressive! Moreover, the 330 

array had been flagged, albeit for later. 331 

 332 

“There seems to be a lot of math in the classroom,” said Mrs. 333 

Sloper. “ I wonder if we can see it in some other places?” 334 

 335 
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With that, Liz took out 336 

some cards that were part 337 

of the card game ‘I Spy … 338 

MULTIPLICATION.’ She 339 

explained the game, but it 340 

really was not new to 341 

them, as they had played 342 

similar games with other operations18. An ‘understanding’ 343 

curriculum in mathematics always looked around the world and this 344 

activity was no exception. 345 

 346 

“In today’s game we have two sets of cards. On one set, we have 347 

some number sentences like this one. Josh would you read it to us 348 

please.” 349 

 350 

“One set of five equals,” said Josh 351 

 352 

“On this second set of cards we have some situations. This one 353 

says ‘At the Safari Park’. What we have to do now is to think of 354 

where we might see one set of five in the Safari Park,” explained 355 

Mrs. Sloper.  356 

 357 

“When I went to the Safari Park I saw a set of 5 lions,” said Mandy. 358 

“That was one set of 5.” Others in the group decided they could 359 

have seen five monkeys, not to mention the alligators, elephants, 360 
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giraffes, snakes and people. Josh saw five friends, all with ice 361 

creams! They decided that it could not be 2(5) as the things were 362 

different. It was two different examples of 1(5). Mrs. Sloper took the 363 

opportunity to talk, briefly, of a pride of lions, as well. 364 

 365 

All the cards were spread face down on the table and a student 366 

invited to take one of each type and show it to the class. In this way 367 

‘sets of’ appeared all over the place. It became a wonderful 368 

opportunity for the children to use their imagination as they looked 369 

around the various places in their minds. 370 

 371 

It was now time for the children to consolidate their understanding 372 

of this ‘sets of’ notation in their activity books.  373 

 374 

“’Books are important. We can learn from them. But books can 375 

only do this if our experiential foundation is well prepared. To 376 

learn geometry, we must have experience in handling 377 

geometric forms and comparing them for similarities and 378 

differences. To read a word on a page, we must first have a 379 

concept for the word within ourselves’” said Liz to Verity quoting 380 

from The Biological Basis of Thinking and Learning19. “So we try 381 

and devise material that moves from experience to abstraction as 382 

the children develop. Not only do the activities we use here reflect 383 

the child’s environment but their book/text material does as well. It 384 

                                                                                                                                                                                      
18 e.g. Addition is …. Here, there, everywhere   … and  Subtraction is …. Here, there, everywhere.  (Also known as Where in the 
World ….. is multiplication.) 
19 Lowery, Prof. L. F.:  The Biological Basis of Thinking and Learning. 1998 The Regents of the University of California 
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can be a direct link with ‘reality’ where the page reflects an 385 

experience the children have had, or a page that enhances the 386 

concept by widening the experience. Once a student has completed 387 

a page, we will discuss it with them. It gives us all time to reflect on 388 

what we have been capturing on paper. Here are some pages the 389 

children will do. You can have a sample for your assignment.” 390 

 391 

Verity had heard Liz say that before but she was intrigued how there was more 392 

than just a number sentence on the page. The children had to set the math in a 393 

context AND say what each number stood for. This was what Liz meant when 394 

she said that her philosophy was to emphasize the mathematics instead of 395 

just the results of the mathematics. A statement that would have a profound 396 

effect on Verity’s thinking. The lesson was really about the notation and the 397 

children found that notation applied all over the place. Now they were capturing it 398 

on their concept pages as they found new situations. Verity realized that this was 399 

theory and practice in action. The quotation …’there is general agreement that 400 

understanding in mathematics implies an ability to recognize and make use 401 
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of a mathematical concept in a variety of settings, including some which 402 

are not immediately familiar’20 … had come alive. 403 

 404 

Both adults helped the children with writing their stories and drawing their 405 

pictures. Occasionally they would encourage the children to think again if the 406 

situation was too ambitious! The impressive part was the review activity where 407 

the children spoke about what they had written. Liz would encourage a student to 408 

give their version of a number sentence for all to share. In this way, 3(4), for 409 

example, may appear in different aisles at the Supermarket. Yet again, math 410 

was everywhere, especially at home, as their parents would soon find out. 411 

 412 

“Wasn’t that rather a long lesson21?” asked Verity. “The children seemed to do 413 

very well though. Their concentration span held up.” 414 

 415 

“Yes it was,” replied Liz. I do not always do as much if I 416 

feel their interest is waning. Did you notice, I did not 417 

follow through on the array that I introduced? Another 418 

time I would. It just did not feel right today. It will keep. 419 

Some groups are very different. Sometimes I don’t 420 

seem to be up for it. Teaching is like that. However, I 421 

would follow that pattern and use sorting boxes and 422 

labels and perhaps come back to the game and 423 

bookwork another time. The array offers a fabulous 424 

model for multiplication, so that will not be forgotten I promise you. Remember, 425 

                                                             
20 Mathematics Counts. HMSO. London. 1982 page 68 Sir Wilfred Cockcroft 
21 “Elementary School students need at least an hour of [high quality] mathematics instruction each day” Principles and Standards for 
School Mathematics: 2000 NCTM. Page 373 
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the children played with arrays in their sorting experiences22. However, the array 426 

is not math in itself with its own rules and regulations, but rather a very useful 427 

everyday model of math/multiplication. I am pleased it turned out as it did 428 

because you could see the flow.” 429 

 430 

Why did Liz say she would talk 431 

about introducing the 432 

multiplication sign next time they 433 

met? Back at college Verity 434 

would soon find out. When her 435 

class had finished she could not 436 

wait to see Liz again. 437 

Multiplication had been 438 

discussed, and Verity was full of it. It was that afternoon. 439 

 440 

“We did multiplication in class today23,” said an excited Verity as the two met up 441 

again. “Wow! Did I get a shock? Our Professor quoted some research by O’Brien 442 

and Casey (1983)24 who had looked at children’s understanding of multiplication. 443 

Evidently, when these children were asked if they “knew” 6x3, they all responded 444 

‘18.’  However, when asked to set 6x3 in a real life context, they couldn’t do it! 445 

Well, about 74% couldn’t.  74% Liz, 74%. So our professor tested it out on us. He 446 

had us get into our cooperative groups and come up with a situation for 6x3=18. 447 

That was fun. My partner and I had a bit of a heated debate over what to do but 448 

                                                             
22 Verity Keane studies Sorting Leading To Math. Pages 50-52 
23 Lines 436-514 adapted from Dear Verity, Why Are All the Dictionaries Wrong? KAPPAN Feb. 2001 Dempsey, D. and John 
Marshall. 
24 O’Brien, Thomas C., and Shirley A. Casey. “Children Learning Multiplication.” School Science and Mathematics, Volume 83 (3) 
March 1983.  
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we settled on 6 students with 3 Twinkies each.  You know 6 lots of 3. After all 449 

that, our Professor never asked us what we had decided. Instead he had us look 450 

up the meaning of ‘multiplication’ in our dictionaries that we had brought with us. 451 

You should try it. What a shock! What we found in Webster’s 3rd Edition College 452 

Dictionary totally blew us away. It really did. 453 

   454 

You do realize what all this meant?” enquired Verity. 455 

 456 

“No,” said Liz, although she did really, “but you are going to tell me, I just know!” 457 

 458 

“Well, It meant my partner and I got our situation for 6x3 wrong. It didn’t match 459 

the dictionary. Can you believe that? It didn’t match the dictionary. And we were 460 

not alone. No-one in the class got it right.” 461 

 462 

“No-one?” 463 

 464 

“No-one! To make matters worse our Professor then quoted the O’Brien and 465 

Casey research again by showing an image that said: 466 

 467 

Mu l t i p l i c a t i o n :  t h e  p r o c e s s  o f  f i n d i n g  t h e  n um b e r  o r  M u l t i p l i c a t i o n :  t h e  p r o c e s s  o f  f i n d i n g  t h e  n um b e r  o r  
q u a n t i t y  ( p r o d u c t )  o b t a i n e d  b y  r e p e a t e dq u a n t i t y  ( p r o d u c t )  o b t a i n e d  b y  r e p e a t e d  a d d i t i o n s  o f  a   a d d i t i o n s  o f  a  
s p e c i f i e d  n um b e r  o r  q u a n t i t y  ( m u l t i p l i c a n d )  a  s p e c i f i e d  s p e c i f i e d  n um b e r  o r  q u a n t i t y  ( m u l t i p l i c a n d )  a  s p e c i f i e d  

n um b e r  o f  t i m e s  ( m u l t i p l i e r ) ;  s ym b o l i z e d  i n  v a r i o u s  n um b e r  o f  t i m e s  ( m u l t i p l i e r ) ;  s ym b o l i z e d  i n  v a r i o u s  
w a y s  ( e x .  3 x 4 = 1 2  o r  3 . 4 = 1 2 ,  w h i c h  m e a n s  3 + 3 + 3 + 3 = 1 2 ,  w a y s  ( e x .  3 x 4 = 1 2  o r  3 . 4 = 1 2 ,  w h i c h  m e a n s  3 + 3 + 3 + 3 = 1 2 ,  

t o  a d d  t h e  n um b e r  t h r e e  t o g e t h e r  f o u r  t i m e s ) .t o  a d d  t h e  n um b e r  t h r e e  t o g e t h e r  f o u r  t i m e s ) .  
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Powerful that, isn’t it? After all that drilling, all that drilling Liz, we adults didn’t 468 

know what that little x meant. Can you believe that? We all had “algorithmic 469 

skill but no mathematical knowledge of multiplication” and that hurt. 470 

However, you would expect that wouldn’t you as we were undergoing major brain 471 

surgery, at least that is how it felt! How could we have gotten it so confused?”  472 

 473 

Liz was amazed at Verity’s involvement. She hadn’t seen Verity so animated 474 

before. Math Methods class had not been like that for her. The instructor had just 475 

read ‘the book’. 476 

 477 

“We then had a look at our class text”, continued Verity, “and the confusion really 478 

set in!  What do you make of this, Liz?” 479 

 480 

With that, Verity handed Liz her file and pointed out what she had written. Liz 481 

read:  482 

It is important that students understand what each number in a 483 

multiplication and division expression represents. For example, 484 

in multiplication, unlike addition, the factors in the problem can refer 485 

to different units. If students are solving the problem 29x4 to find 486 

out how many legs are on 29 cats, 29 is the number of cats (or 487 

number of groups) and 4 is the number of legs on each cat (or the 488 

number of items in each group) and 116 is the total number of legs 489 

on all the cats. Modeling multiplication problems with pictures, 490 

“It seems fair to say then that these children do not know 
what multiplication is. They have algorithmic skill but no 

mathematical knowledge of multiplication.” 
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diagrams, or concrete materials, students learn to be clear 491 

about what each number in the problem represents25.  492 

 493 

“That seems to contradict the dictionary,” said Liz with a grin, “and supports what 494 

you did.” 495 

 496 

“Yes, but it gets even more confusing because someone in class mentioned that 497 

multiplication was commutative, so the order shouldn’t matter as far as meanings 498 

go. Mind you, neither Standards 2000 nor the dictionaries said that did they! They 499 

are quite definite. One says one thing, the other, another the opposite,” continued 500 

Verity. “Should we really be saying taking 3 pills a day for 21 days is the same as 501 

taking 21 pills a day for 3 days? No thank you! And are 29 cats with 4 legs the 502 

same as 4 cats with 29 legs! Give me a break. Do meanings really change 503 

because the ‘answer’ is the same? Are meanings really commutative?26 I am not 504 

convinced. Especially when it came to the statistics problem our professor had us 505 

do where we ended up with two different answers to the same problem! Can you 506 

believe that, Liz, two totally different answers?” 507 

 508 

“Two different answers to the same problem,” repeated Liz. “How come?” 509 

 510 

 “Well, we had to find the mean height of 10 children, 6 of whom were 120 cms. 511 

tall and 4 who were 110 cms. Clearly a case of it being ‘important that students 512 

understand what each number in a multiplication … expression represents’, if 513 

                                                             
25 NCTM Principles and Standards for School Mathematics 2000 (page 151) 
26 In March 2008 the final report of the (US) National Mathematics Advisory Panel was published. It said: “… [students] should not 
be taught that 9 x 3 is the same as 3 x 9. They are, in fact two different problems with the same answer. … For students to 
succeed in algebra, they must understand this difference and remember that two things may look very different and represent 
very different type of problem types, but still have the same answer.”  
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ever I saw one27. Setting the 514 

calculator to the statistics mode, we 515 

keyed the data in as (6x120) + 516 

(4x110), that is ‘6 lots of 120’, etc. 517 

Pressing x-bar, to get the mean, we 518 

got 5.04 cms. Now nobody is that 519 

size. That is silly. So we then keyed it 520 

in as (120x6) + (110x4), you know 521 

120, 6 times, and got a mean of 116 522 

this time, which made sense. The calculator, which was made in Japan28, 523 

seemed to agree with the dictionaries!29 The ‘rote memorization’ of our past 524 

really seems to have detached us from reality.” 525 

 526 

“I know,” said Liz, “I know. Did you know Pesek and Kirshner30 report that the 527 

‘initial rote learning of a concept 528 

can create interference to later 529 

meaningful learning.’ Think about 530 

that, Verity! Rote can be a 531 

problem down the line! Does that 532 

apply to you – and your friends? I 533 

think we had better get it right 534 

first time.”  535 

                                                             
27 “Recognizing that some numbers represent the values of the data and others represent the frequency with which those 
values occur is a big step”. (Principles and Standards for School Mathematics. NCTM 2000. Page 49. – Data Analysis and 
Probability 
28 Page from Japanese text book, above, showing the meaning of multiplication as used in their calculators. i.e. 6x2 means 6+6 
29 See appendix A for manuals for casio fx100s, sharp EL 531LH and Texas Instruments TI30XS 
30 Pesek, D & Kirshner, D (2000) Interference of instrumental instruction in subsequent relational learning. Journal for Research in 
Mathematics Education, 31, 524-540 
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 537 

“What you did in class reminds me of something that 539 

happened when we had a student recently join our school 541 

from out of State,” continued Liz. “We ask him to illustrate 543 

what 3x4 meant to him and he drew a picture of 3 apples and 4 apples with a 544 

clock face in between. He knew the 12 bit though. I guess he didn’t know about 545 

multiplication, at least as far as O’Brien and Casey31 - and Sloper - are 546 

concerned!” 547 

 548 

“Why did he do that? Did you find out?” asked a puzzled Verity. 549 

 550 

“If I told you he read 3x4 as ‘three times four’ and not as ‘three multiplied by four’, 551 

do you think you could guess?” replied Liz. “He was so confused. It is really 552 

important to give students experiences that help them appreciate the power and 553 

precision32 of mathematical language. Confusion doesn’t help the learning 554 

process. As I keep saying, the brain needs to have experiences, real 555 

experiences, quality experiences. It is sort of quality experiences in, quality 556 

understandings out. That is the whole thrust of schema theory? Where’s the 557 

quality in confusion, I ask you?33” 558 

 559 

                                                             
31 O’Brien, Thomas C., and Shirley A. Casey. “Children Learning Multiplication.” School Science and Mathematics, Volume 83 (3) 
March 1983. 
32 Common Core Standards for Mathematics  Page 7: Attend to precision. “Mathematically proficient students try to 
communicate precisely to others.” [all over the world] 
33 (Authors note: In discussion with an NCTM ‘editor’ it was pointed out that the student’s in Verity’s class did not get their story for 
6x4 wrong when it didn’t match the dictionary definition as there was another definition as well. However, neither Standards 2000 nor 
the dictionaries provide two definitions! The ‘proof’ offered was in the array! However, in Standards 2000 the arrays shown on page 
161 clearly indicate a consistent way of interpreting 3x5, for as the array is rotated the numbers in the number sentence change as well. 
The fact that “it doesn’t work’ for cats was ruled out. It is interesting to note that page 125 of Standards 2000 speaks of students 
reasoning things out for themselves – “The students in the study could form rules on the basis of examples. Many of them 
demonstrated the understanding that a single example was not enough and that a counterexamples could be used to disprove a 
conjecture.” Here kitty kitty! ) 
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Verity recalled the note she had made many times when observing Mrs. Sloper. 560 

“The students in Mrs. Sloper’s class always experienced the concept first 561 

before they moved to the symbolism”. In their sorting experiences the children 562 

had experienced ‘cylinder’ before being introduced to the word; they had 563 

experienced ‘three’ before using the word ‘three’ or numeral ‘3’; they had 564 

experienced ‘addition’ before the word and symbol34. This is what teaching for 565 

understanding demanded. 566 

 567 

“The main reason for teaching math at all is the power the 568 

subject has to explain,” said Liz, getting all serious. “But it is a universal 569 

discipline so it has to travel well! You see, “Mathematics provides a means of 570 

communicating information concisely and unambiguously because it makes use 571 

of symbolic notation. However, it is the necessity of using and interpreting this 572 

notation and of grasping the abstract ideas which underlie it, which proves a 573 

stumbling block to many people. Indeed, the symbolic notation which enables 574 

mathematics to be used as a means of communication and so helps make it 575 

‘useful’ can also make mathematics difficult to understand and to use35.” 576 

 577 

“You’re telling me,” exclaimed Verity, “but isn’t this all rather ambiguous? First it 578 

is one thing, and then it’s another.” 579 

 580 

                                                             
34 NCTM Principles and Standards for School Mathematics 2000 (page 125) “From the beginning, students should have 
experiences that help them develop clear and precise thought processes.”  
35 “There are other reasons for teaching mathematics besides those which we have put forward in this chapter. However, we believe 
that the reasons which we have given make a more than sufficient case for teaching mathematics to all boys and girls and that 
foremost among them is the fact that mathematics can be used as a powerful means of 
communication - to represent, to explain and to predict.” Cockcroft, W. H.  Mathematics Counts HMSO London 
page 3 
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“It isn’t really. We adults make it so. You realize now why I start with the ‘sets of’ 581 

approach and use brackets as a stepping stone. We are really following Anghileri 582 

and Johnson’s36 advice in Teaching Mathematics in Grades K-8; Research 584 

Based Methods that ‘it is not wise to 586 

introduce the multiplication symbol, x, …’ at 588 

the beginning of the multiplication process. 590 

They37 advocate that 2+2+2 ! 3(2). Our 592 

children have plenty of experiences with 594 

‘the repeated addition’ concept before we 596 

introduce the symbolism that you found in 598 

your dictionary. We do that for the very 600 

reason that with small numbers, and our 602 

children are at the small number .  604 

 606 

“This seems to tie in with what you said 608 

about children ‘just knowing’ number38,’ 610 

added Verity. 611 

 612 

“Yes, whereas with large quantities, where multiplication comes into it’s own, we 613 

probably ‘see’, or work out, the number in each set before deciding on the 614 

number of sets. Try it with this model of cans of coke.” 615 

 616 

                                                             
36 Anghileri, J., and David C Johnson. Arithmetic Operations on Whole Numbers: Multiplication and Division. In Teaching 
Mathematics in Grades K-8; Research Based Methods’. Edited by Thomas R Post. Allyn and Bacon, 1988 (ISBN 0-205-11076-2) 
page 159 
37 This 2(3) notation was discussed in the UK by “The Fletcher” group (1969), developed in the series 
Mathematics for Schools; Addison Wesley, in 1970, the TV Series FIGURE IT OUT (ATV 1972/5), and 
continued through to  New Curriculum Mathematics for Schools; Pearson Group; 1990ish! 
38 John Marshall in Verity Keane Discovers Numbers 1-5 Pages 10 and 24 

Count the CansCount the Cans
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“You’re right,” said Verity. “I can see the 6-pack but then I have to work out how 617 

many 6-packs there are. I see six, 618 

many times.” 619 

 620 

“Well that would suggest six 621 

multiplied by how ever many 6-packs 622 

there are. 6 x 39 = 234. Perhaps, 623 

just perhaps, that may be why we 624 

put the amount first. I don’t know!39” 625 

said Liz. 626 

 627 

“Well it would be consistent with the 628 

other operations wouldn’t it,” interjected 629 

Verity. “We say ‘six add four’ for 6+4, 630 

we say ‘six subtract four’, for 6-4, and 631 

‘six divided by four’ for 6 ÷ 4. In each case the first number is operated on by the 632 

second, so it makes sense for 6 x 4 to mean the first number is operated on by 633 

the second. Six multiplied by four makes sense. At least, now it does!” 634 

 635 

“I feel that in an understanding math curriculum students should understand what 636 

‘x’ means as in the dictionary,” continued 637 

Liz. “That is: ‘the process of finding the 638 

number or quantity (product) obtained by 639 

repeated additions of a specified number 640 

                                                             
39 Readers may care to try the Count the Cans experiment themselves. Did you ‘see’ the 6 or the 39 first? The question is, in 
looking at a string of numbers such as 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 
6 + 6 + 6… does one ‘see’ the ‘6’ before how many ‘6’s’ there are? 
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or quantity (multiplicand) a specified number of times (multiplier): symbolized in 641 

various ways (Ex., 3x4=12 or 3.4=12, which means 3+3+3+3=12, to add the 642 

number three together four times.)’40 After all, this definition41 has been around a 643 

long time. The earliest I have found is from “Euclid's seventh book of Elements 644 

(350 BC)” where he defines multiplication as "One number is said to multiply 645 

another when the number multiplied is so often added to itself, as there are units 646 

in the number, and another number is produced.”  647 

 648 

Using ‘three multiplied by four’, 649 

i.e. 3x4, as a reference Verity 650 

translated Euclid’s statement to 651 

herself as: "One number (4) is 652 

said to multiply another (3), 653 

when the number multiplied (3) 654 

is so often added to itself, as 655 

there are units in the number 656 

(4), and another number is 657 

produced (12). Verity deduced 658 

that according to Euclid 3x4 is 659 

3+3+3+3!” 660 

 661 

“Have a look at this that I found 662 

on the internet42,” said Liz. “I 663 

                                                             
40 Compton’s Interactive Dictionary. Also picture taken from a Children’s Dictionary found in a classroom in Ozona Elementary 
School, Florida. (Title misplaced.) Encarta ’95 Multimedia Encyclopedia says: ‘Multiplication is simply repeated addition. The 
expression 3x4 means that 3 is added to itself four times.’ 
41 See also: Random House Webster’s College Dictionary Multiplication: “A mathematical operation, symbolized by axb, a . b, 
a*b, or ab, signifying, when a and b are positive integers, that a is added to itself as many times as there are units in b”.  
42 http://www.shodor.org/interactivate/discussions/intmult.html 
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have made a copy that you can have for your file. It is a discussion/lesson about 664 

the meaning of multiplication. Read it. Just read it.” 665 

 666 

Verity read: - 667 
 668 

Student: So now that I understand addition and subtraction43, are 669 

there any more operations? 670 

 671 

Mentor: Yes there are. The next operation is called multiplication. We 672 

write multiplication problems in the form axb, or a times b. For 673 

example we will consider 5x3. What this means is that 5 is being 674 

added to itself 3 times (5+5+5), but a better way to think about it is that 675 

it means 5 groups of 3 units each. Therefore to solve 5x3 you would 676 

count the number of units in each group. 677 

 678 

Student: I feel a little confused. 679 

 680 

Mentor: Alright, we will use an example you can visualize. Picture 5 681 

separate plates, each with 3 quarters on them. How many quarters are 682 

there altogether? 683 

 684 

Student: Well, if there are 3 quarters for each of the 5 plates, then 685 

there are 15 quarters altogether. So 5x3=15. 686 

 687 

Mentor: Exactly. Now, what if we had 3 plates, each with 5 quarters? 688 

 689 
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Student: Then there would be 5 quarters for each 690 

of the 3 plates, meaning 15 quarters altogether. So 691 

3x5=15. Does that mean that multiplication is 692 

commutative like addition? 693 

 694 

“Wow!” exclaimed Verity. 695 

 696 

“What do you make of that?” asked Liz rhetorically. “I 697 

think it is symptomatic of a major problem we have in 698 

math education today where ‘we’ say one thing and do 699 

another. Here we have someone saying, in effect, that they know what the right 700 

thing to do is, but they are not going to do it. I just don’t understand.” 701 

 702 

“I know”, replied Verity. “And they got the original definition from their own 703 

website’s dictionary44. Can you believe that?”  704 

 705 

“Not only that, teacher seems to be working his/her way through the mathematics 706 

syllabus rather than starting with a problem, like ‘things’. So, how are you feeling 707 

now? Still confused?” asked Liz. “This is a big issue to take on board isn’t it? 708 

Remember, not only must we take account of how children learn, and 709 

therefore lead with ‘things’, we must also maintain the integrity45 of the 710 

subject. That is important.” 711 

                                                                                                                                                                                      
43 The same web site refers to ‘subtraction’ as solely ‘take away’ 
44 Multiplication : The operation by which the product of two quantities is calculated. To multiply a number b by c [bxc, i.e. ‘b 
multiplied by c.’] is to add b to itself c times. http://www.shodor.org/interactivate/dictionary/m.html  
45“… we must look at how children learn, respect the integrity of the subject, and bring the geometry of the world, not just the 
world of geometry, into their minds.” John Marshall. ‘Dear Verity. Now I am getting into Shape.’ KAPPAN April 2002 Also 
“First, teaching mathematics entails a respect for the integrity of the discipline.” Deborah Loewenberg Ball, University of 
Michigan “Mathematics in the 21st Century: What Mathematical Knowledge is Needed for Teaching Mathematics?”: Feb 2003  
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 712 

“Its huge topic,” sighed Verity 713 

 714 

“A tremendous challenge,” agreed Liz. “Enormous, 715 

especially if we are going to really understand 716 

multiplication and let our children have more than 717 

what W. W. Sawyer calls ‘imitation mathematics46’ 718 

Our experience has shown though that students who 719 

come to the idea without preconceptions feel more 720 

‘at home' with this concept than do teachers who are 721 

steeped in a ‘rote memorization’ tradition. These 722 

teachers often feel rather intimidated and somewhat 723 

exposed finding that some mathematics they felt was secure is challenged. As I 724 

am sure you did. Some are even annoyed with their past. (Unlearning is so much 725 

harder than learning properly the first time around!47) Indeed, many of these 726 

teachers feel safe with the statement that 3x4 means the same as 4x3 because 727 

the answers are the same48! But this is not so49. Does 12x1 mean the same as 728 

3x4 because 12x1=3x4=12? The meaning of multiplication is not 729 

commutative even though the operation of multiplication is. The 730 

                                                             
46 “Unfortunately, mathematics programs have traditionally focused on the details of the discipline without paying much 
attention to its unifying themes and so most students have experienced imitation mathematics. They comprehend the subject 
as a collection of ‘bits and pieces’ consisting largely of symbols, definitions, and procedures.” Walter W Sawyer. 
Mathematician’s Delight. Baltimore. Penguin Books, 1943 page 8 
47 “The best time to learn mathematics is when it is first taught; the best way to teach mathematics is to teach it well the first 
time.” National Research Council (NCR). Everybody Counts. Washington, D.C: NRC 1989 
48 This point is now made in the Instructional Practices section of the USA National Mathematics Advisory Panel’s final report 
(2008): “One mathematician observed that students should not be taught that 9x3 is the same as 3x9. They are, in 
fact two different problems with the same answer.” 
49 Readers may like to consider the story attributed to Abraham Lincoln and consider how it relates to the main text. Lincoln asked, “If 
you call a horse’s tail a leg how many legs does a horse have?” And he responded to his own question in this way: “The answer is 
four, because calling a horse’s tail a leg doesn’t make it a leg.” 

The meaning of 
multiplication is 

not 
commutative 

even though the 
operation of 

multiplication 
is. 
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two should not be confused but should form part of what Liping Ma50 calls the 731 

‘knowledge package’ for multiplication which in turn is part of the ‘profound 732 

understanding of fundamental mathematics51’ that elementary school teachers 733 

need to develop.  The difficulty many adults have in accepting this definition 734 

demonstrates how hard it is to overcome a ‘rote memorization’ background in 735 

favor of teaching for understanding. Remember the research of Pesek and 736 

Kirshner52 - ‘the initial rote learning of a concept can create interference to 737 

later meaningful learning.’ Young, uncluttered minds do not have this problem, 738 

as you will see53. You are not alone Verity, certainly not alone! I’ll tell you what 739 

you and your friends should do. You should make a list of those situations you 740 

can think of where you feel the order does matter and where you feel it doesn’t. 741 

Just to satisfy yourselves.”54  742 

 743 

“Every time we talk math you turn my mind over,” said Verity, who was feeling 744 

increasingly confident as Liz clarified things. “I presume you now convert your 745 

                                                             
50 Liping Ma.  Knowing and Teaching Elementary Mathematics Lawrence Erlbaum Associates, Inc. 1999 Knowledge package pages 
76-78. Profound Understanding of Fundamental Mathematics pages 120-123 etc. 
51 See also Principles and Standards for School Mathematics : NCTM: 2000  page 17 
52 Pesek, D & Kirshner, D (2000) Interference of instrumental instruction in subsequent relational learning. Journal for Research in 
Mathematics Education, 31, 524-540 ‘the initial rote learning of a concept can create interference to later meaningful learning.’ 
53 Paragraph adapted from John Marshall: MATH WARS: Taking Sides. KAPPAN November 2003 
54 The press cutting mentions three sisters who each had twins. (page 30) 
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‘sets of’ approach, with it’s 2(3) notation, into a ‘multiplied by’ approach using the 746 

traditional ‘x’ sign, following the dictionary definition.” 747 

 748 

“We do, and we display the concept on every bulletin board we can find,” said a 749 

smiling Liz. “Each student has their own Multiplication Concept Book to complete 750 

and take home, and we have a big display in class. Remember Standards 2000 751 

advised us to model “multiplication problems with pictures, diagrams, or concrete 752 

materials55 …” so that students learn to be clear about what each number in the 753 

problem represents. So we do just that.” 755 

 757 

“I notice that you only go up to 5x5 though,” said an 759 

enquiring Verity. “You seem to play a lot with small 761 

numbers first, don’t you?” 763 

 765 

“Yes we do initially,” replied Liz. “Developing an ‘at 767 

homeness’ with small numbers allows confidence to grow in young children. 768 

There is nothing to be gained by rushing to handle ‘big’ numbers, until the first 769 

stage is secure, because ‘that is what we have always done’. An understanding 770 

curriculum will stress the language of number sentences such as 2x3 and will 771 

therefore spend considerable time, in a variety of ways, dealing with products in 772 

the range up to 5x5. The argument being that knowing the meaning of 2x3 773 

will help find the solution to unknown products such as 6x7. Knowing that 774 

the solution to 2x3 is 6 does not! Similarly, knowing the meaning of x will help 775 

find the solution to the ‘unknown product’ 2/3 x 4/5 later on56. Concentrating on 776 

the process of mathematics instead of just the results of the mathematics 777 

                                                             
55 Principles and Standards for School Mathematics : NCTM: 2000  page 151 
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is what we are urging. Children 778 

need to develop these ‘power 779 

skills’57. They really do.”  780 

 781 

“Of course, we also need the 782 

children to commit number facts to 783 

memory, so concentrating on this 784 

small range gives us a good starting 785 

package. I call them the green zone 786 

products58.” continued Liz. “The 787 

(Multiplication) Test Track Game59 788 

concentrates, in the first instance, on the 789 

green zone as does our initial work on 790 

division. Our division experiences 791 

offer huge support to multiplication60, 792 

as we shall see later. Remember, 793 

Bruner61 said “Grasping the structure 794 

of a subject is understanding it in a 795 

way that permits many other things to 796 

be related to it meaningfully. To learn 797 

structure, in short, is to learn how 798 

things are related.” And multiplication 799 

                                                                                                                                                                                      
56 See later essay. Also in Math Wars 2 : It’s The Teaching, Stupid. KAPPAN January 2006 John Marshall 
57 Paragraph adapted from John Marshall: MATH WARS: Taking Sides. KAPPAN November 2003 
58 Green Zone products include: 1x1,1x2,1x3,1x4,1x5, 2x1, 2x2, 2x3, 2x4, 2x5, 3x1, 3x2, 3x3, 3x4, 3x5, 4x1, 4x2, 4x3, 4x4, 4x5, 5x1, 
5x2, 5x3, 5x4, and 5x5 Red zone products include: 6x6, 6x7, 6x8, 6x9, 6x10. 7x6, 7x7, 7x8,  7x9, 7x10, 8x6, 8x7, 8x8, 8x9, 8x10, 
9x6, 9x7, 9x8, 9x9, 9x10, 10x6, 10x7, 10x8, 10x9, 10x10 The ‘others’ are Blue Zone products. 
59 See page 1 
60 Page from New Curriculum Mathematics for Schools 1992 (c) John Marshall 
61 Bruner, J. (1960/1977) The process of education. Cambridge, MA; Harvard University Press. 7 
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and division are related! You know, it is really about the brain again. ‘Well-800 

mastered routines are necessary in order to free conscious attention as much as 801 

possible so that it can focus on aspects of a task which are novel and 802 

problematic. [But] we need to distinguish between ‘fluent’ performance and 803 

‘mechanical’ performance. Fluent performance is based on an understanding of 804 

the routine that is being carried out; mechanical performance is performance by 805 

rote in which the necessary understanding is not present. Although mechanical 806 

performance may be successful in the short term, any routine which is 807 

carried out in this way is much less likely to be capable of use in other 808 

situations or to be retained in long term memory62.’ Mathematics needs to be 809 

used. Cramming for the test may well give false results if the mathematics 810 

cannot be used afterwards as it has atrophied63. You know, we see this 811 

almost everyday, especially with politicians, administrators, and others outside 812 

the profession who often interpret this atrophy as evidence that something has 813 

not been taught and learned rather than seeing it as a mismatch between the 814 

quality of the teaching of mathematics and how the child’s brain responds 815 

to that teaching. Feeling ‘at home’ with multiplication facts is not a fad. Feeling 816 

‘at home’ with mathematics is a child’s right64. Don’t forget, Verity, we need to 817 

think and reason in mathematics, not just remember. “In a world in which 818 

routine work is largely done by machines … mathematical reasoning will be 819 

                                                             
62 Cockcroft, W.H. Mathematics Counts. H.M.S.O. 1982 (ISBN 0 11 270522 7) page 70 
63 “But unless someone shows you why each step is being performed – that is, shows you what is going 
on in terms of the numbers represented by the symbols – the whole thing is just so much mumbo 
jumbo. Of course, many children memorize how to perform the mumbo jumbo and manage to get an 
A for the course. But because they don’t understand what they are doing, the moment the final exam 
is over, they forget the complicated rules they learned, and they leave school unable to add fractions. 
But if they understood what was going on, they would never forget the procedure.” Keith Devlin: The Math 
Instinct. Thunder’s Mouth Press. New York. 2005. page 233 
64 Paragraph adapted from John Marshall: MATH WARS: Taking Sides. KAPPAN November 2003 



Educating Verity: Some Essays in Teaching Elementary Mathematics 
Verity Keane Makes the Grade in Multiplication.                                                                              Part 1  

Page 36 
© John Marshall  2000/2017 

14 Jonathan Road, Stoke-on-Trent, Staffordshire. ST4 8LP. England 
 Email: john@johnmarshall.me SKYPE JJM0603  

Thursday, 16 February 17 

no less important than math facts65, …’ That is what we try to achieve in this 820 

school. As I keep saying, the human brain functions best when it 821 

‘understands.’ ‘Crucially, the brain operates on and with concepts that have 822 

meaning – something the human brain evolved to do and hence does well.  823 

Searching for meaning is instinctive to the human brain66.’ Verity, it is how we 824 

human beings are.  To do otherwise is rather like the neurological equivalent of 825 

defying gravity. No! It is all so crucial to future performance that it is too important 826 

to ‘mess up’.” 827 

 828 
The children in the next class were a little older and quite experienced with the 829 

‘sets of’ notation. Today Mrs. Sloper led with a word problem67. It was a familiar 830 

type of situation but the discussion and symbolism would be different, as Verity 831 

would see. 832 

 833 

Mrs. Sloper had chosen this one because a) it was a familiar situation to children, 834 

b) they could act it out and c) there were no large candy bars in the classroom to 835 

use. The children would have to use ‘things’ to represent their candy bars. Verity 836 

found that anything would do to represent candy bars. Mrs. Sloper introduced the 837 

problem to the children and got them involved. 838 

 839 

“I know what we will do. I will set you in groups of three and you can 840 

talk about how you will make your model.” 841 

                                                             
65 “Tough Choices Tough Times. (US) Nat. Center on Education and the Economy. Executive Summary. (Page 7) 
66 Keith Devlin: The Math Instinct. Thunder’s Mouth Press. New York. 2005. Page 257  

Three children each brought two large candy bars to 
school. How many large candy bars were there altogether? 
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 842 

This did not take long and Mrs. Sloper found that the children had 843 

selected a host of materials to represent the candy bars. Some had 844 

drawn pictures – a 2-dimensional model. 845 

 846 

“I see we all really have the same model’” declared Mrs. Sloper as 847 

she summarized the variety of materials used. “It is a pity we didn’t 848 

find any large candy bars, and we cannot wait until Halloween! 849 

Never mind, we must make a label 850 

though.” 851 

 852 

This time Mrs. Sloper used the ‘sets of’ 853 

notation as before but now she added 854 

the symbol Verity had been expecting. 855 

 856 

“I am going to introduce a new mathematical symbol today. Instead 857 

of saying ‘two sets of three’, I am going to say we all have a set of 858 

two, candy bars, 3 times,” said Mrs. Sloper, acting the problem out 859 

by actually taking up the crayons and laying them down again two 860 

at a time.  “And this is how we write it.” Mrs. Sloper wrote the 861 

number sentence, 2 x 3 = 6, deliberately stressing the phrase 862 

‘multiplied by’ as she wrote the 863 

symbol ‘x’. She then had the 864 

children read it back to her. 865 

 866 

                                                                                                                                                                                      
67 A pack of word problems is supplied with the package for students to act out and solve. 

3(2) = 6 

2 multiplied by 3 = 6 

2 x 3 = 6 
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“Two…mul..ti..plied  by … three … equals … six,” they all said 867 

together. Mrs. Sloper had them repeat it. “When we have a situation 868 

like this one we say we are multiplying. We have a repeat of the 869 

same quantity. In this case two is repeated, three times. Two, 870 

three times. That is two multiplied by three.” 871 

 872 

“Tell me where I said this numeral comes from?” asked Mrs. Sloper, 873 

as she touched the two. 874 

 875 

“That tells us 876 

how many 877 

candy bars we 878 

had in each 879 

set.”  880 

 881 

“And the 882 

three?” 883 

 884 

“That is how 885 

many sets of 886 

candy bars we have.” 887 

 888 

“And what did we say this symbol says to us.” 889 

 890 

“Multiplied by” 891 

 892 
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The group was offered 893 

other ‘labels’ to model with 894 

classroom materials and 895 

they discussed each one 896 

stressing the meaning of the symbolism. Taking the cards at 897 

random, she had the children discuss each one and make a model. 898 

Liz’s philosophy of situation leading to symbolism and symbolism 899 

leading to situation was very evident. 900 

 901 

The children enjoyed seeing math around them. The world was full 902 

of it, or so they said. Verity noticed that again Mrs. Sloper had the 903 

children use small numbers within the range 1x1 to 5x5. Mrs. Sloper 904 

also had a series of “I Spy …. Multiplication!” cards for the children 905 

to play with. Again they concentrated on the green zone products 906 

(small numbers up to 5x5). Some cards had number sentences that 907 

used the ‘x’ symbol on them; others had ‘situations’ on them. To 908 

4x3=4x3=  
Where can you find...? 
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play the game the cards were mixed up and placed face down on 910 

the table. Children took it in turns to turn over a ‘number sentence’ 912 

card and a ‘situation’ card. They then had to make up a story that 914 

would show the number sentence in the situation indicated on their 916 

card.68 Of course, they had to say the answer as well. Sometimes 918 

Mrs. Sloper used the cards to provide ‘seatwork’ as the children 920 

took the relevant cards from the center of the table and wrote their 922 

thoughts in their journal. This again provided plenty of group 924 

discussion later. 926 

 928 

“I also have a Triples game for us to play today”, said Mrs. Sloper, 930 

as the children quietly got ready for some circle time. “The blue 932 

cards, like this one, have a multiplication number sentence on them 934 

– Will you read it to us Hannah? – Good, it says multiplied by 936 

doesn’t it – and the red cards tell us what the multiplication sentence 938 

means. And the green cards are like this. Can you remember what 940 

this one says?” 942 

 944 

“Two sets of three” was the unanimous response. 946 

 948 

“This game is just like the other triples games we have played. The 950 

cards are placed faced down like this and we have to select one red, 952 

one blue, and one green card and see if they all match. If they do, 954 

that player keeps the triple. If they don’t the cards are turned back 956 

                                                             
68 The illustration from the press shows new words set in a context to give clarity to their meaning. If it is good enough for language 
then why not in mathematics? 
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face down and the next player has a turn.” 957 

 959 

Today, as Verity was taking part, and Mrs. Sloper had two sets of 960 

this game, the children did not play in small teams but split into two 961 

groups, Verity’s group and Mrs. Sloper’s group. Both played the 962 

game a number of times, and had a lot of fun.  Playing with children 963 

in this way taught Verity a lot. She got really close to the children 964 

and could appreciate their thinking, as they became absorbed in the 965 

problem. Verity also realized how both the math and the activity 966 

was progressing and building on what had gone before. In fact, 967 

Liz’s philosophy of 4P’s69 was obvious. Not only was there 968 

Progression, but also Purity was crucial in the definition of 969 

multiplication. Purpose was there, for multiplication was rooted in 970 

reality and Pleasure was obvious - in the faces of all concerned, 971 

including the teachers.   972 

 973 

                                                             
69 See  Verity Keane and Numbers 6-10.  

2 x 3= 

3(2)=  3 x 2= 

2(3)=  
means 

2, 
3 times 

means 

3, 
2 times 
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 974 

“In my mind PURITY70 means we should offer children clear 975 

images of mathematical concepts,” repeated Liz, by way of a 976 

reminder, “To me that is vital if our concept based curriculum is 977 

going to truly register in the young child’s mind. The materials we 978 

use should reflect this desire, too. Our Multiplication Concept 979 

Bingo game has children recognize the concept of the 980 

operation as well as the result. In our ‘Touch ‘n Say’ game on one 981 

side of the card we have the number sentences and on the other 982 

the answer and a model of it, using baseballs! Children have to 983 

touch the number sentence, give the answer and say what the 984 

baseball model should look like.  We can no longer afford to offer 985 
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the young receptive brain 987 

misconceptions, for at some time they 989 

are going to have to be put right. When 991 

students try to build their 993 

mathematics on a shaky foundation 995 

they tend to lose confidence and see 997 

the answer to their learning problem 999 

as more rote memorization which itself is counter productive. It 1000 

is very time consuming and incredibly expensive as well to put 1001 

things right.71”  1002 

 1003 

It was then time for the bookwork to capture the concept. 1004 

 1006 

 1008 

 1010 

 1012 

 1014 

 1016 

 1018 

 1020 

 1022 

 1024 

 1026 

                                                                                                                                                                                      
70 Some may say PRECISION! 
71 “Training Magazine reports that approximately $62.5 billion was spent by businesses on training in 1999.   Much of these funds are 
spent on upgrading basic employee skills, many of which should have been acquired at school.  In too many contexts, the nation is 
paying twice to equip its workforce”. Before It’s Too Late. A Report to the Nation from the National Commission on 
Mathematics and Science Teaching for the 21st Century. 2000 Chairman: Senator John Glenn [The Astronaut] 
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To be continued >>>>> 1027 

 1028 

“I can explain it to you but I can't 1029 

understand it for you!” 1030 

 1032 

 1034 

 1036 

 1038 

 1040 

 1042 

 1044 

 1046 

 1048 

 1050 

 1052 

 1054 

 1056 

 1058 

 1060 

 1061 

 1062 

 1063 

 1064 

 1065 

 1066 

 1067 
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 1068 

 1069 


